Deteriorating inventory models are used as decision support tools for managers primarily, although not exclusively, in the retail trade. The mathematical modeling of deteriorating items allows managers to analyze their inventory management systems to identify areas that can be improved and to measure the corresponding potential benefits. This study develops an enhanced deteriorating inventory model for optimizing the inventory control strategy of companies operating in sectors with deteriorating products. In contrast with previous studies, our model holistically accounts for the overall financial effect of a company's policies on product price discounting and on inventory shortages while considering the time value of money (TVM). We aim to find the optimal replenishment strategy and the optimal price reductions that maximize the discounted profit function of this analytical model over a fixed planning horizon. To this end, we use an economic order quantity model to study the effects of the TVM and inflation. The model accounts for pre-and post-deterioration discounts on the selling price for noninstantaneous deteriorating products with the demand rate being a function of time, pricediscounts and stock-keeping units. Shortages are allowed and partially backordered, depending on the waiting time until the next replenishment. Additionally, we consider the effect of discounts on the selling price when items have either an instant deterioration or a fixed lifetime. We propose five implementable solutions for obtaining the optimal values, and examine their performance. We present some numerical examples to illustrate the applicability of the models, and carry out a sensitivity analysis. The study reveals that accounting for TVM and inventory shortages is complex and time-consuming; nevertheless, we find that accounting for TVM and shortages can be valuable in terms of increasing the yields of companies. Finally, we provide some important managerial implications to support decision-making processes.
Introduction
Most deteriorating inventory models disregard the joint effects of price discounting, the time value of money (TVM), and the inventory policies regarding stockouts (out-of-stock events). However, such issues are important and should not be overlooked. In practice, businesses use methods such as the net present value, the internal rate of return, and the payback period to find a discount strategy that helps them to both meet their sales objectives and obtain the best profit possible for their market demand. For example, in supermarkets, manufacturers and the retailers frequently agree on increasing the shelf space allocation for a product or a product family because large-quantity displays can encourage consumption and sales volume (Feng et al., 2017; Koschat, 2008; Mishra et al., 2017) . Additionally, because it is undesirable to maintain a high level of unsold products that deteriorate over time (e.g., fruit, vegetables or pharmaceuticals), this common method of increasing demand is generally accompanied by a markdown policy. While a poor discount policy can result in many deteriorated products, a strong discount policy can result in an undesirable level of shortages. Therefore, a joint pricing-inventory model that considers the TVM as well as inventory shortages may be useful to those managers attempting to find an optimal balance between their price discounting strategy and their inventory policy.
Several inventory management studies incorporate the impact of pricing strategies, the existence of shortages, or the effect of TVM into various inventory control models; however, few have considered the holistic effect of these modeling elements. The studies that use inventory models dealing with pricing decisions under the presence of shortages and TVM include: (Chew et al., 2014 ; C. J. Chung & Wee, 2008; Dye & Hsieh, 2011; Hou & Lin, 2006; Krishnan & Winter, 2010; Li et al., 2008; Pang, 2011; Valliathal & Uthayakumar, 2011; Wee & Law, 2001 ). However, of these studies, only Dye and Hsieh (2011) assume that unsatisfied demand is partially backlogged depending on the length of the customer waiting time. A partial backlog model is more applicable in real life situations than models assuming complete backlogging (Chew et al., 2014; Hou & Lin, 2006; Li et al., 2008; Wee & Law, 2001) , complete lost sales (Krishnan & Winter, 2010) , and even those assuming that a fixed fraction is backordered and the remainder is lost (C. J. Chung & Wee, 2008; Pang, 2011; Valliathal & Uthayakumar, 2011) .
In addition to the inventory models that consider the joint effect of pricing, shortages, and TVM, many other studies incorporate two of these inventory-modeling characteristics. Such studies develop inventory models that include replenishment and pricing policies for deteriorating items under TVM (e.g., Chew et al., 2009; Dye & Ouyang, 2011; Jia & Hu, 2011) , and inventory models with deteriorating items addressing a joint pricing and ordering policy under a partial and non-fixed backordering rate (e.g., Abad, 2003; Dye & Hsieh, 2013; Shavandi et al., 2012; Soni & Patel, 2012) . Other inventory models incorporate both TVM and partial backlogging depending on the waiting time, but do not account for pricing decisions (e.g., Jaggi, Khanna, et al., 2016; Jaggi, Tiwari, et al., 2016; Tiwari et al., 2016; Yang & Chang, 2013) . Notably, no existing pricing-inventory models under TVM and/or shortages incorporate any markdown policies. Hence, there is a need to study and consider price-discount policies to fill this gap in the inventory-pricing control literature.
To best describe the inventory management of several practical situations, we study an inventory model for non-instantaneous deteriorating items and stock-dependent demand under inflationary conditions by using a discounted cash flow approach. We include a partial backlogging rate, the TVM, and a two-phase discount structure in the model. Specifically, we incorporate a demand in which customer consumption is encouraged not only by price reductions but also by large quantity displays of inventory. We assume that the fraction of unsatisfied demand backordered is a decreasing function of the waiting time as that in (e.g., Jaggi, Khanna, et al., 2016; Jaggi, Tiwari, et al., 2016; Tiwari et al., 2016; Yang & Chang, 2013) . And we apply the pricing strategy in Panda et al. (2009) , in which a price reduction is given before the deterioration of the products can be noted by the consumers, followed by a further discount as soon as the customers start to feel discouraged about buying these deteriorating products.
In contrast to those models disregarding the inflation and TVM (e.g., Feng et al., 2017; Maihami & Nakhai Kamalabadi, 2012) , neglecting shortages (e.g., Mishra et al., 2017; Panda et al., 2009) , or assuming instantaneous deterioration (e.g., Bhunia et al., 2013; Dye & Hsieh, 2011) , we respectively release their assumption of constant costs, no shortages, and instantaneous deterioration. As a result, our proposed model is not only suitable when the inflation and TVM can influence the inventory policy variables; it is also a general framework including many previous models as special cases, such as all of the economic order quantity models falling within the broad inventory control literature under stock-dependent demand and items deteriorating instantaneously. Many inventory-related studies consider deterioration and stock dependent demand, further details can be found in (Bakker et al., 2012; Goyal & Giri, 2001; Janssen et al., 2016; Pentico & Drake, 2011) .
As noted by Wu et al. (2016) , it is also worth mentioning that numerous inventory models for deteriorating items under two-warehouse and trade credit compute the interest earned and charged during the credit period but not to the revenue and other costs (e.g., K.-J. Chung & Cárdenas-Barrón, 2013; K.-J. Chung et al., 2014; Jaggi et al., 2017; Shah & Cárdenas-Barrón, 2015; Teng et al., 2016; Wu et al., 2014) . Although we assume that the buyer must pay the procurement cost when products are received, contrary to these models, we apply the discounted cash flow analysis to the revenue and all relevant costs. Briefly, our contributions are two-fold. First, to the best of our knowledge, this is the first attempt that extends the inventory-pricing literature by considering the two-phase price-discount strategy explained above for non-instantaneous deteriorating items and stock-dependent demand under partial backordering and TVM. Second, we provide, without loss of generality, several multi-dimensional iterative methods to find the optimal policy by taking into account the sufficient condition in which the profit function of a data set is a concave function. Consequently, it is possible to simplify the search for the optimal solution by setting the methods up to find a local maximum. We further simplify the search process by establishing two intuitively good starting values for obtaining the optimal replenishment-discount policy.
The remainder of this paper is organized as follows: Section 2 provides the assumptions and the notations. Section 3 formulates the model and introduces some sub-cases derived from the basic model. The proposed solutions are presented in Section 4, and Section 5 provides some numerical examples to illustrate the applicability of the models. Finally, Section 6 offers some conclusions and remarks.
Notations and assumptions

Notations
independent demand parameter, where 0 (unit/time unit) effect of discount over demand, where 1 , and effect of discount over demand, where 1 , and stock sensitive demand parameter, where 0 (time-unit (a decision variable) backorder cost per unit time due to shortages ($/unit) ordering quantity per inventory cycle in the model, where 1, 2, 3, 4, 5, 6, 7 (unit) net discount rate, representing the TVM (effective per time unit compounded continuously) price-discount per unit, prior to the deterioration period , (a decision variable) price-discount offered during the entire deterioration period , (a decision variable) S selling price per unit ($/unit) time at which the pre-deterioration discount starts (a decision variable) time at which the inventory level reaches zero (a decision variable) length of the inventory cycle, where / (time unit) time at which deterioration starts deterioration rate of the on-hand inventory (over , in %/time unit) discounted total profit (DTP) for pre-and post-deterioration discount on selling price: a function of , , , , and DTP when a markdown is given only during the period in which products exhibit deterioration , : a function of , , and DTP when neither a pre-deterioration nor a post-deterioration discount is offered on the selling price: a function of and DTP when products deteriorate instantaneously and a markdown is held during the entire inventory cycle: a function of , , and DTP when products deteriorate instantaneously and no discount is offered: a function of , and DTP when items have a fixed shelf life and a markdown is given prior to the expiration of the onhand inventory: a function of , , , and . DTP when products have a fixed life time and no pre-deterioration discount is given: a function of and .
Assumptions
We make the following assumptions in developing the inventory-pricing inventory model:
 The system operates for a finite planning horizon .  The replenishment rate is infinite and the lead time is zero.  A single non-instantaneously deteriorating item is assumed. During the fixed period, , the on-hand inventory does not exhibit deterioration, and after that time the inventory deteriorates at a constant rate θ, where 0 1. There is no replacement or repair of the deteriorated units during the entire planning horizon.  The demand rate function , , is deterministic. It is a function of the instantaneous stock level , the pre-and post-deterioration discount on the selling price , , and the waiting time . We assume that the demand function , , t is given as
 Shortages are allowed and partially backlogged. The fraction of the shortages backordered is , where is the waiting time until the next replenishment and is a non-negative parameter. Note that is a decreasing function of the waiting time, and that it represents situations in which a longer waiting time results in a greater amount of lost sales.
Problem formulation
This paper examines the effect of TVM and inflation in a deterministic inventory model with pre-and post-deterioration discounts on the selling price for non-instantaneous deterioration items. The objective is to maximize the DTP over a finite horizon . Accordingly, the total time horizon is divided into equal parts of length (i.e., / ). At the beginning of the replenishment cycle, the inventory level increases to . As time progresses, the inventory level decreases up to time under the influence of the stock dependency of demand and the pre-deterioration mark-down policy. After , deterioration starts, and the inventory level decreases because of stock deterioration and constant demand until it reaches zero level at . Ultimately, backorders are accumulated from time to , and the same described process is repeated during the entire time horizon . This inventory cycle is graphically represented in Fig. 1 . , the differential equations representing the evolution of the on-hand inventory are given by
, if ,
, if .
With the initial and boundary conditions 0 and 0, solving the above equations yields
If we put t = τ into Eq. (6) and Eq. (7), the ordering quantity per inventory cycle is obtained as follows
Based on these equations, we can obtain the DTP by deriving the present values of the holding cost (HC), disposal cost (DC), shortage cost (SC), cost of lost sales (LC), ordering cost (RC), purchase cost (PC), and sales revenue (SR) as follows. From Eq. (5), Eq. (6), and Eq. (7), the present value of the total holding and disposal costs during the entire horizon is
From Eq. (8), the present value of the total backorder cost because of shortages during the entire time horizon is ∑ 1
1 .
Again, from Eq. (8), the present value of the cost of lost sales is
From Eq. (9), and taking into account that shortages during the first inventory cycle should be backordered at the beginning of the next cycle, and that shortages during the last cycle are replenished at time * , the present value of the purchase cost is
Now, because there are 1 replenishments in the entire time horizon , the present value of the fixed cost per order (setup cost) is given by
and the present value of the sales revenue in the entire horizon is given as
Thus, the discounted total profit (DTP) of the inventory system during the planning horizon is
where
Here, the problem is to determine the optimal values of , , , 0 and so that is maximized, but considering the constraint in which the pre-and post-deterioration discounts on the selling price are given in such a way that the discounted selling price is not less than the unit cost of products. Hence, it is a five-issue decision-making problem for a retailer that can be expressed as max , , , ,
Special cases
Based on the results obtained in Section 3 for , we can easily derive six additional models that arise from relaxing the assumptions on the discounted selling price offered to customers and the type of deterioration that the inventory system deals with. Thus, this section provides the inventory models representing the following scenarios:
 A discount on the selling price is given only as soon as deterioration starts ( ).  There is neither a pre-deterioration nor a post-deterioration discount on the selling price ( ).  Products deteriorate instantaneously and a markdown is held during the entire inventory cycle ( ).  Products deteriorate instantaneously, and no discount is offered ( ).  Items in stock have a known fixed shelf life, and a markdown is given prior to the expiration of the on-hand inventory ( ).  Products have fixed lifetime, and there is no pre-deterioration discount ( ).
4.1
: only a post-deterioration discount on the unit selling price , 0
In this scenario, a markdown is only allowed during the deterioration period , ; hence, we set the pre-deterioration discount at zero and let be equal to . Correspondingly, equation (9) becomes:
and Eq. (16) becomes:
where SC and LC are given by Eq. (11) and Eq. (12) respectively, and PC is found by substituting (17) for into Eq. (13).
Therefore, this optimization problem can be described as
Model : no discount on unit selling price , 0
In this scenario, a conservative strategy is pursued where no discounts are offered on the inventories at any time. Correspondingly, by substituting, 0 and into equations (9) and (16), we respectively get
and
where PC can be obtained by substituting Eq. (19) for in Eq. (13), and SC and LC are given by Eq. (11) and Eq. (12), respectively. Therefore, this maximization problem can be described as max , 0 / 0, .
4.3.Model : instant deterioration with a post deterioration discount 0
When a product deteriorates as soon as it is received in stock, some companies may adopt a strategy of always maintaining a lower price than their competitors maintain. Here, the products may have a known price in the industry, and a lower price may be given in the form of discount over the market price. Hence, by setting , , and at zero in (9) and (16), we get the order quantity as
and the DTP as
where SC and LC are equal to Eq. (11) and Eq. (12), and PC is equal to Eq. (13) when replacing for .
Therefore, this maximization problem can be described as
4.4.Model : instant deterioration and without discount 0, 0
In this scenario, products deteriorate instantaneously and no price discounts are allowed. Given that 0, equation (21) becomes
where LC and SC are equal to Eq. (11) and EQ. (12), and PC is equal to Eq. (13) when using instead of .
Therefore, this maximization problem can be described as max , Subject to 0 / 0, .
4.5.Model : fixed life time products with pre deterioration discount ( → , 0
In this scenario, there is a pre-deterioration discount on the selling price, and the time at which the inventory level reaches zero is assumed to be less than the life time of the items. Thus, the order quantity (25) and DTP (26) can be found from equations (9) and (16) by letting → 0 as follows
where PC can be obtained when applying Eq. (13) with replaced by Eq. (25), and LC and PC can be calculated from Eq. (11) and Eq. (12), respectively. Therefore, this maximization problem can be described as
4.6.Model : fixed life time products with no discount , → 0
Substituting the expressions and 0 into Eq. (25) and Eq. (26), we get the order quantity as
where SC and LC are respectively provided by Eq. (11) and Eq. (12), and PC is given by Eq. (13) when is replaced by (27).
Therefore, this maximization problem can be described as max , subject to 0 / 0, .
Solution procedures
It is difficult to obtain the optimal values of the models described in Section 4. The simplest first derivative form of in Eq. (16) with respect to , when solving for a single set of parameters under 0 and any known , is given as , where , , , and belong to the set of all real numbers. This method of obtaining the stationary points of our functions is not analytically feasible. Thus, despite this difficulty, we adapt and code five nonderivative multidimensional search methods (Bazaraa et al., 2006) to make them adequate in dealing with all of the constrained mixed-integer nonlinear programming problems referred to in Section 4. The solution procedures follow.
5.1.Solution I: cyclic coordinate method (C-method)
Step 1. Assign to each of the n continuous decision variables , … , a minimum and a maximum allowable value ( . ., , … , ). Let be equal to a large negative number . Select a plausible range of values for ( ). Let , choose a scalar 0 to be used for terminating the search with each , and go to Step 2.
Step 2. If , then stop. Otherwise, let D be a unit matrix with row vectors , … , as coordinate directions. Choose an initial point , … , , let , … , , let 1, and go to Step 3.
Step 3. Let be an optimal solution to the problem to maximize subject to , and let . If , then replace by 1, and repeat Step 3. If , then let . If ‖ ‖ , and then go to Step 5. Otherwise, go to Step 4.
Step 4. Let , let 1, replace by 1, and repeat Step 3.
Step 5. Let and . If , then replace by and by . Replace by 1, and go to Step 2.
5.2.Solution II: Hooke and Jeeves's method using line search (HL-method)
Steps 1, 2, and 3. Follow Steps 1, 2, and 3 from Solution I.
Step 4. Let , and let be an optimal solution to the problem to maximize subject to min max as follows
Step 4. Step 5. Follow Step 5 from Solution I
5.3.Solution III: Rosenbrock's method using line search (RL-method)
Steps 1 and 2. Follow Steps 1 and 2 from Solution I.
Step
Step 4. Let , … , be a new set of linearly independent orthogonal search directions by the GramSchmidt procedure. Let , let 1, replace by 1, and repeat Step 3.
Step 5. Follow Step 5 from Solution I.
5.4.Solution IV: Rosenbrock's method using discrete steps (RD-method)
Step 1. Select an expansion factor, 1, and a contraction factor, ∈ 1, 0 . Let ∆ , . . .¸ ∆ 0 be the initial step sizes along the coordinate directions, let ∆ ∆ for each 1, … , , and do the same as Step 1 from Solution I.
Step 2. Follow Step 2 from Solution I.
Step 3. If ∆ and ∆ , then for each 1, … , , let ∆ , and replace ∆ by ∆ . On the contrary, let , and replace ∆ by ∆ . If , then replace by 1, and repeat Step 3. Otherwise, if , then go to Step 4.
Step 4. Set , let 1, and go to Step 3.
Step 5. Let . If ‖ ‖ , then let , and go to Step 6. Otherwise, compute , . . .¸ from the relationship ∑ , form a new set of search directions by the GramSchmidt procedure and denote these directions by , . . .¸ , let ∆ ∆ for each 1, … , , let , replace by 1, let 1, and repeat Step 3.
Step 6. Let and . If , then replace by and by . Replace by 1, and go to Step 2.
5.5.Solution V: Hooke and Jeeves's method using discrete steps (HD-method)
Step 1. Choose an initial step size, Δ , let 0 be a selected acceleration factor, and do the same as Step 1 from Solution I.
Step 3. Let " ". If ∆ and ∆ , then for each 1, … , , let " ", let ∆ , and go to Step 4. On the contrary, let ∆ , let Step 4. If , then replace by 1, and repeat Step 3. Otherwise, if , then go to Step 5 if , and go to Step 6 if .
Step 5. Let , and let . Replace by 1, let 1, and go to Step 3.
Step Note that algorithms I, II, and III require using a procedure for minimizing or maximizing the functions of one variable without using derivatives. We use the Fibonacci search method that fits well for convex functions as well as for strictly quasiconvex functions. We do not provide an analytical proof for using the first three algorithms with a Fibonacci search indiscriminately, but a quick verification of the concavity of the function can be accomplished graphically regarding each decision variable with the others held constant, as shown in Fig. 2 . Algorithms IV and V do not employ any line search; instead, they take discrete steps along the search directions involving functional evaluations, which tends to be useful when functions have several local minima, local maxima, or even saddle points.
Notably, the performance of all of the above solution procedures can be improved by choosing a good starting solution with reasonable limits. Since price-discounts should contribute to a consumption increase of the on-hand inventory and because long periods of inventory shortage are undesirable, the length of the inventory cycle must always be shorter in the models with discounts than in the models that do not allow any price-discount. Moreover, the time at which the stocks reach zero must always be near to the time at which the orders are received. Thus, the search process is simplified when using the solution of the , , models as a lower boundary of the , , , and models. In other words the search is simplified when optimizing and with 0, 0, or 0, as applicable, and then using the resultant as the lower bound , and / / as the initial point ( instead of / for model ).
Fig. 2 Concavity of the function regarding each continuous decision variable with the others held constant
Numerical examples and analysis
To illustrate our proposed models, we consider two numerical examples. The first example is used to compare the five different search methods, to conduct a sensitivity analysis, and to show some interesting relationships between the models. The second example is used to compare our models with scenarios neglecting TVM and shortages. For this purpose, the algorithms were coded using Wolfram Mathematica 10.3 on a 3.40 GHz Intel Core i5 with 2 GB of memory RAM computer. Tables 2 and 3 report the performance of the algorithms described in section 5. *Percentage changes by taking the optimal DTP's in Table 1 as reference values.
As expected, Table 1 shows that the best profit is obtained from the model. If the opportunity of boosting the demand through both type of discounts is missed, then the profit may drop 8% when using instead of , 48% when assuming an instant deterioration rate (model ), and 59% when assuming a fixed life time (model ). Comparing Table 2 and Table 3 reveals that, despite the time consumed to find a solution, all of the five algorithms found the same global maximum. The most interesting aspects revealed in these tables is the faster convergence of the HD and RD methods when compared with the HL, RL, and C methods, and the improved performance of all of the algorithms in Table 3 over Table 2 using the recommended starting solution. Regardless of the starting values, the HD algorithm consistently out-performs the other proposed algorithms. Notably, the more that the price-discount dependency of demand is captured through the models, the more economic benefits are achieved. To give a better insight of these potential benefits, Fig. 3 outlines the main relationships that can be obtained to the known pricediscount interval in which one model becomes more profitable than its immediate counterpart. By comparing models , , , with models , , , and , respectively, we observe that there exists a price-discount interval in which the best DTP of the former models are always lower than any DTP provided for the latter models, whenever the corresponding additional price-discount falls within that specific interval. These intervals are given as follows 0.2694, 0.1306, 0.7680, 13 0.2567, 0.7665, 13 
Fig. 3. The relationship between the models
We now study the effects of variations in the parameters on the model outputs. We perform a sensitivity analysis on a model with both types of discounts by measuring the percentage of change in , , , , , , and when one model parameter at a time is modified to −20%, −10%, +10%, and +20% of its original value. Table 4 shows the results of this analysis, and the following conclusion can be drawn from there:
 The DTP provided for the model is more sensitive to the demand rate , the selling price , and the unit cost , compared with the other parameters. When all of the parameters are simultaneously overestimated, the DTP is much more sensitive compared with the DTP when all of the parameters are simultaneously underestimated.  The pre-deterioration discount is more sensitive to the stock dependent , the selling price , the unit cost , and the effect of the pre-deterioration discount controlled by , compared with the other parameters.  The post-deterioration discount is more sensitive to the stock dependent , the selling price , the unit cost , the time at which deterioration starts , and the effect of the post-deterioration discount controlled by , compared with the other parameters.  The time from which the pre-deterioration discount starts is more sensitive to the selling price , the unit cost , and the effect of the pre-deterioration discount controlled by , compared with the other parameters.  The inventory cycle and the duration of the backorder are more sensitive to the planning horizon , compared with the other decision variables.  The order quantity is more sensitive to the stock dependent , the selling price , the unit cost , the time at which deterioration starts , the effect of the pre-and post-deterioration discount controlled by and , respectively, and the discount rate , compared with the other parameters.  The DTP, as well as the decision variables, shows a low sensitivity to underestimations and overestimations in the lost sales cost , the backorder cost , the deterioration rate , the simulation coefficient , the ordering cost , and the holding cost . This indicates that the cost penalty is low for errors in the estimation of these parameters and correspondingly, managers should estimate these parameters reasonably instead of attempting to calculate them accurately. Example 2. To study the effect of neglecting TVM and shortages, we consider the numerical example 1 adopted from Panda et al. (2009) where the parameters are given as follows: 80, 0.3, 10, 4, 0.6, 1.2, 2, 2, 100, and 0.03. Here, by assuming that the units of those parameters were given on a monthly basis, the following parameters are added to study the inclusion of TVM and shortages:
11, 12, 0.60, 1.48% monthly nominal compounded continuously, and 5 years. To solve this example, we used the HD-based algorithm presented in section 5. The optimal solution when ignoring the TVM and shortages is given in Table 5 , whereas the optimal solution when considering the TVM and shortages is given in Table 6 . The optimal values reported in Table 5 correspond to those listed by Panda et al. (2009) . Because the other parameter together with the profit that we found is the same as that reported by them, we suppose their and values were mistyped.
For the model with both pre-and post-deterioration discounts on selling price ( ), we find a present value of 25525.39, 6.4% greater than the present value obtained when neglecting TVM and shortages. i.e., when using the optimal values of Table 5 in the model. The order quantity is 868.38, 45.3% lower than that in Table 5 . The cycle length is shorter by 17.13%, the time at which the pre-deterioration discount should be started is 21.3% earlier, and the pre-and post-deterioration discounts on the selling price are 12.2% and 9.6% lower, respectively. These results and the comparative results for the other subcases are given in Table 7 . The plus and minus signs indicate that the value from Table 6 is higher or lower than the corresponding value given in Table 5 . To further analyze the effect of including TVM and shortages, the optimal DTPs provided by the proposed model are compared with those obtained when introducing, within , the optimal decision values provided by the model with both types of discounts but ignoring the TVM and shortages ( '). By changing the planning period between 0.2 and 20 years, we observe from Fig. 4 that the DTP is slightly higher with the optimal values provided by model (blue line) when the nominal interest rate compounded continuously is equal to 1.48%. However, as both the nominal interest rate and the planning period increase, the difference between the DTP of model and ' also increases. Notably, in the long term, this difference tends to a constant value, approximately. After five years, we find that this difference is about 7.8% when the nominal interest rate compounded continuously is equal to 1.48%. Similarly, when varying the discount rate to 2.0%, 2.4%, and 2.8%, this difference tends to 12.6%, 19.1%, and 27.5%, respectively.
The potential benefits noted from Fig.4 may be significant or not, depending on the minimum acceptable rate of return (MARR) of a company. Therefore, we measure the impact of these benefits by computing the corresponding internal rate of return (IRR) under different MARR and inflation rates scenarios. The results are summarized in Table 8 . Here, we observe that for scenarios with low and moderate MARRs, the difference in value between the IRRs of and ′ represent nearly the same percentage of the expected MARR, whether planning for one year or for 10 years. Moreover, in all of these casesincluding the high MARR scenarios-each of these IRR-differences represents a significant percentage (14.1%-23.0%) of the corresponding MARRs. Therefore, according to our criteria, the additional effort required to include the TVM and the shortages in the model is worthwhile. 
Concluding remarks
This paper has developed some practical inventory models with pre-and post-deterioration discounts on the selling price by considering the TVM and the shortages that are partially backordered depending on the waiting time. These models were developed for the grocery industry, so the mathematical models and the algorithms presented here, assist retail managers in determining a better price-discount policy when demand is affected by stock levels, markdowns, and different types of product deterioration. The models and algorithms also allow managers to analyze and identify the parameters with the potential to significantly improve the returns when they are appropriately estimated. When either the TVM is ignored, or the estimation of some parameters is imprecise, then we find that the resultant inventory-pricing policy is far from optimal. For example, for companies operating in countries with a high, moderate, or even a low or negative annual inflation rate, our results show how their effective yield can be significantly increased by following the pricing and inventory policy of the proposed model (see Fig. 4 and Table 8 ). This result is in line with many studies suggesting that the inclusion of TVM plays an important role in determining inventory policies, and should no longer be ignored. Further, even though some inventory parameters, such as shortage costs and holding costs, tend to be unknown for companies, we also find that instead of attempting to calculate those parameters with accuracy, a manager can estimate them in a reasonable way and still maintain the benefit of a profitable inventory policy (see Table 4 ).
Although it may be expected that the relationships shown in Fig.3 are the same when neglecting TVM and shortages, there is evidence indicating that they do not correspond. Our results suggest that there exists a lower and an upper limit for the price-discount within which the best DTP provided by the , , , and models are always lower than the DTP provided by the , , , and models. It is important to note that this finding does not correspond to those of Panda et al. (2009) for their models that neglect TVM and shortages. Instead of a lower and upper limit for the first three preceding relationships, they find that only an upper limit exists. The relationships found in our results allow managers to have flexibility when considering a two-phase price-reduction strategy for deteriorating items. Hence, future research should consider deriving the analytical expressions that contain such limits.
Although this research represents an important contribution to existing inventory models for deteriorating items with temporary price discounts, the model developed here can be further improved in several ways by including additional inventory system features. For instance, we may extend the proposed model to make it suitable for different trade credit environments (e.g., Ouyang et al., 2013; Shah & Cárdenas-Barrón, 2015; Teng et al., 2016; Tiwari et al., 2016; Tyagi, 2016; Wu et al., 2016) , the presence of imperfect quality (e.g., Jaggi et al., 2017) or multiple products (e.g., Rodado et al., 2017; Shavandi et al., 2012) . In addition, we could generalize the model to allow for an integrated producer-buyer policy, which may include defective items and/or imperfect inspection process (e.g., Khanna et al., 2017) , machine breakdown (e.g., Luong & Karim, 2017) , or the penalties and incentives provided by policymakers to incentive the reduction of greenhouse emission (e.g., Darma Wangsa, 2017). Finally, because solving the inventory problem with these and/or other features can be very complex through differential calculus; we could apply a simpler non-derivative approach, such as the arithmetic-geometric mean inequality (e.g., Chen et al., 2014) , the cost-difference comparison (e.g., Widyadana et al., 2011) or the geometricalgebraic method (e.g., Cárdenas-Barrón, 2011).
